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We  pursue  the  analysis  of  the  Hub  Operation  Scheduling  Problem 
IHOSP)  over  the  finite  and  infinite  horizons.  The  demand  is  assumed 
deterministic  and  stationary.  We  deduce  the  minimum  fleet  size  Fr 
that  satisfies  all  demands  for  1 < T < <x>,  as  well  as  the  optimal 
schedule  that  minimizes  lost  sales  for  a given  fleet  size  smaller  than  V'r- 
Reintroducing  the  costs  of  empties  and  of  delayed  sales  or,  equiv- 
alently, the  cost  of  empties  and  the  gains  from  shipments,  we  resolve  the 
issues  of  optimal  allocation  and  optimal  schedule  over  a horizon 
Y < 00 . Finally,  we  generalize  the  above  results — still  under  the 
assumption  of  deterministic,  stationary  demands — first  to  the  case  in 
which  each  city  communicates  with  its  two  “adjacent”  cities  (this  is 
the  “Wheel”  problem)  and  then  to  the  general  network  problem  in 
which  each  terminal  may  communicate  with  any  other  terminal. 


In  Part  I of  this  study*’’  we  dealt  with  the  “classical”  Hub  Operation 
Scheduling  Problem  (HOSP)  as  originally  formulated  by  Mixas  and 
Mitten.’®'  Perhaps  the  most  important  feature  of  that  treatment  is  its 
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myopic  character,  since  it  considers  only  the  ‘‘current”  and  the  "next” 
scheduling  periods. 

In  Part  II  we  extend  the  treatment  to  a horizon  of  arbitrary  length, 
finite  or  infinite.  AVe  limit  the  analysis  to  deterministic  and  constant  demand 
at  all  terminals,  which  is  in  sharp  contrast  to  the  probabilistic  eonsidera- 
tion.s  of  Part  I.  Section  1 treats  the  ease  when  the  objective  i.s  to  minimize 
the  total  number  of  delayed  demand  (which  is  assumed  lo.st),  which  is 
equivalent  to  n)inimizing  the  average  number  of  delayed  denianil.  It 
Section  2 we  consider  the  profit  maximization  (or  cost  minimization) 
problem.  Finally,  Section  3 is  concerned  with  the  generalization  of  the 
treatment  to  the  Wheel  Operation  Scheduling  Problem  (WOSP). 

While  Part  II  can  be  read  independently  of  Part  I,  it  would  he  of  help 
if  the  reader  is  familiar  with  Part  I,  at  least  for  the  statement  of  the  HOSP 
and  for  insight  into  the  network  flow  computing  algorithm.  Of  course,  the 
statement  can  also  be  gleaned  from  the  paper  of  Minas  and  Mitten  refer- 
enced above,  or  from  Elmaohkabv.i^i 

There  are  reasonable  ju-stifications  for  considering  demand  as  deter- 
ministic and  for  paying  attention  to  the  lost  sales  case.  First,  assuming 
constant  demands  at  all  terminals  is  tantamount  to  dealing  with  ‘‘certainty 
equivalents,”  which  are  reasonable  surrogates  for  the  random  variables 
from  a practical  point  of  view.  It  is  often  very  difficult  to  obtain  the  data 
nece.ssary  for  determining  (with  reasonable  accuracy)  the  probability  dis- 
tribution functions  of  demand.  In  such  cases,  certainty  equivalents  are 
indeed  useful  substitutes.  Second,  the  objective  of  minimizing  the  average 
number  of  demand  units  delayed  per  period  may  be  equally  realistic  and 
applicable  a.s  the  penalty  incurred  for  such  delays  because  of  two  reasons; 
(i)  if  all  customers  are  equivalent,  then  the  two  criteria  are,  in  fact,  ident  ical, 
and  (ii)  the  problem  of  collecting  the  co.st  data  with  reasonable  accuracy 
may  prove  insurmountable,  so  that  the  penalty  criterion  becomes  opera- 
tionally infea.sible. 

In  practice,  complete  equivalence  of  customers  is  a rarity  and  there 
exists,  in  all  probability,  a hierarchy  of  priorities  among  them.  The  above 
argument  then  applies  to  any  single  priority  class. 

1.  THE  MINIMIZATION  OF  LOST  SALES 

In'  Co.vsideri.no  a horizon  longer  than  two  periods  (the  “current”  plus  the 
“next”  period.s)  we  encounter  several  interesting  questions,  among  which 
we  treat  only  the  following  two  problems: 

1.  What  is  the  minin)um  fleet  .size  that  .satisfies  all  demand?  (Recall 
that  we  as.sumc  the  demand  to  be  deterministic  and  constant.) 
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2.  Given  a fleet  size  .smaller  than  that  .specified  in  1,  what  is  the  optimal 
scheduling  pattern? 

Ixit  iV  ^ j 1,  2,  • • •,  n|  denote  the  .set  of  “outlying  cities,”  0 the  nub, 
No  i t0|  ^ N the  set  of  all  cities,  and  V'  the  size  of  the  fleet.  We  shall 
refer  to  the  set  W defined  by 

W’  ^ It,  j;  1,  j t No  but  f and  j are  not  in  N simultaneou.sly  | . (1.1) 

Furthermore,  we  define  the  constants  qt  and  r,  as  follows: 

qi  = max  (d,o,  do,)  and  ri  = min  (d,o,  do,).  (1.2) 

Infinite  Horizon 

Let  Vi,  i t No,  be  the  number  of  vehicles  available  at  terminal  t.  The 
following  assertion  gives  the  smallest  number  of  vehicles  sufficient  to  satisfy 
all  the  demand  without  shortage. 

Assertion  1.1.  1 1 is  necessary  and  sufficient  for  a minimal  fleet  of  size 
V*  = Vi*  to  satisfy  all  the  demand,  that  the  availabiltiy  of  vehicles  at 

all  terminals  be  given  by 

Vi*  = Qi,  i€N, 

Vo*  = Qi- 

Hence  F*  = 2 Qt-  of  size  V > V*  will  evidently  also  satisfy  all 

demand. 

The  proof  of  this  assertion  is  by  simple  contradiction,  and  is  therefore 
omitted. 

Corollary  1.1.  The  number  of  empties  shipped  each  period  is  given  by 
Cio  = Fi*  - dio,  i ( N, 

eoi  = Vi*  - doi,  i t N. 

Thus,  in  order  to  incur  no  delays  in  the  initial  period,  the  minimum 
number  of  vehicles  available  at  node  i must  be  F;  = dio,  i e N,  and  V o = 
V*  - Xu.v  Vi.  If  the  proper  amount  of  empties  are  shipped  (under  the 
total  availability  F*)  to  each  outlying  terminal,  delays  can  be  avoided 
thereafter  as  well. 

In  the  .sequel  we  shall  need  the  following  notation:  let  M denote  the 
set  of  outlying  cities  with  more  out-.shipments  than  in-shipments  per  period, 



M i jf  f N:  dio  > do,|  and  M = N-M.  (1.3) 

Consider  next  the  que.stion  of  minimizing  the  average  number  of  delays 
( = lost  .sales)  per  period  for  a given  number  of  vehicles  F < F*.  schedule 
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yielding  such  a minimum  will  be  called  optimal,  and  is  given  by  the  following 
algorithm. 

Algorithm  1.1 

There  are  three  possible  ranges  of  values  of  the  total  fleet  size  V',  with 
each  value  demanding  a slightly  different  procedure  to  obtain  the  optimal 
schedule. 

1-  V > F*(=  2 Qi).  There  should  be  no  shortages  at  all  except 
perhaps  in  the  first  two  periods  due  to  a mismatch  between  vehicle 
availabilities  and  demands  at  one  or  more  cities.  In  period  1,  at  each 
city  i f N,  ship  Vi  to  the  hub;  at  the  hub  ship  q,  to  as  many  cities  as 
possible.  In  period  2 repeat  the  same  procedure:  ship  all  F.  to  the  hub, 
i ( N,  and  ship  g,  from  the  hub  to  all  outlying  cities.  Starting  with  period 
3,  ship  Qi  vehicles  from  each  i « to  the  hub  and  from  the  hub  to  each 
outlying  city.  (In  this  procedure,  we  assume  that  the  excess  fleet 
F — F*  will  be  retained  at  the  hub.  Any  other  desired  distribution  of 
these  excess  vehicles  can  obviously  be  accommodated.) 

2.  2 g,  > V > 2 2^i,.v  r<.  Here  we  must  consider  two  cases: 

(a)  9.  > Fj  > r.,  uN,  and  gi  > Vo  > X).<.v  Let  xo(t, ; t IF) 
denote  the  number  of  vehicles  (full  and  empty)  sent  from  i to  j 
(see  definition  (l.l^).  For  it  N,  put  Xio  = Vi  (some  of  which  are 
empties  in  case  i t M‘,  see  definition  (1.3)).  For  the  hub,  put  initially 
^0,  = ry  W i t N,  and  then  increase  xoj  for  j t M up  to  gy  for  as 
many  terminals  as  possible  using  the  remaining  Fo  — 2^„.v  r,- 
vehicles.  Repeat  the  above  allocation  each  period. 

(b)  9i  > Fy  > r.,  i t N,  and  2 J^i.M  qi  > V > 2 ^^..  v r,.  This  con- 
dition encompasses  ttie  previous  case  a as  a special  ease  since  here 
Fo  is  allowed,  at  the  outset,  to  be  more  than  ^„.v  g,  or  less  than 
5Zi.\  ry.  Hence  there  are  two  subcases  to  consider: 

(i)  Fo  > J^y.N  gy.  Put  xoi  = gy  for  itN;  for  the  outlying  terminals 
use  the  same  schedule  as  specified  in  case  2a. 

(ii)  V'o  < ^y,v  ry.  In  period  l,fort  t M putx.o  = max(ry,  I\-  — r,) 
and_put  Xoi  = max|0;  ry  — (Fy  — ry)!  for  as  many  terminals 
i t M as  pos.sible;  for  1 1 M,  put  Xio  = F,  — (r,  — Xo,),  where 
Xo,  = ry  for  as  many  terminals  as  pos.sible  (thus,  at  most  one 
terminal  will  have  0 < Xo,  < ry  and  for  the  remaining  terminals 
xoi  = 0).  In  subsequent  periods  use  the  same  schedule  as 
specified  in  case  2a. 
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3.  < 2 Ti.  Here  again  we  must  distinguish  between  two  cases: 

(a)  Ki  = Tj  for  i t N and  Vo  = ’’i-  (Hence  the  total  fleet  size  is 

V = 2 ^i,N  Ti.)  Schedule  ri  shipments  between  each  city  i t N and 
the  hub,  and  vice  versa.  The  number  of  shipments  delayed  each 
period  is  equal  to  2^0. v(9i  — r,)  > 0,  which  is  the  minimum  possible 
under  this  fleet  size. 

(b)  Ti  < Ti  for  all  i t N and  To  < rj.  (Hence  the  total  fleet  size 
is  T < 2 ri.)  Schedule  Ti  shipments  between  the  hub  and 
outlying  terminal  i each  period.  The  total  delays  per  period  is 
fixed  and  equal  to  J^i.y.ir  da  — V. 

The  above  algorithm  leads  to  the  following; 

Assertion  1.2.  There  exists  an  optimal  stationary  schedule  such  that  the 
vector  of  available  vehicles  in  each  period  is  cyclical  of  length  at  most  two 
periods. 

For  examples  of  the  application  of  this  algorithm  (which  is  intuitively 
quite  transparent),  the  reader  is  directed  to  Reference  (1)  of  Part  I. 

We  now  turn  to  the  study  of  finite  horizons. 

Finite  Horizon 

Within  the  confines  of  a finite  horizon  we  shall  continue  to  assume  that 
the  demands  d,„  i,  j t W,  are  constant. 

Let  T be  the  number  of  periods  in  the  horizon,  and  V*’’  the  minimum 
fleet  size  sufficient  for  no  shortages  over  T. 

For  T = 1,  it  is  obvious  that  V*'  is  given  by 

T*>  = ^uAdio  + doi). 

For  T = 2,  a little  thought  reveals  that 

V*’  = qt  + max  (^i.s  dio  i 5Z.t.v  doi) 

where  g*  is  as  defined  in  Assertion  1.1.  Notice  that  T**  may  be  < 2 
For  T > 3,  we  have 

Assertion  1.3.  T**'  = 2 9.,  T = 3,  4,  . . . 

We  shall  not  give  a formal  proof  of  this  assertion;  the  interested  reader  may 
consult  Reference  [I]  of  Part  I.  However,  this  assertion  should  come  as  no 
surprise  in  view  of  As.sertions  1.1  and  1.2.  For,  if  a cycle  repeats  in,  at  most, 
two  periods,  then  it  stands  to  reason  that  the  finite-horizon-no-shortage 
fleet  may  differ  from  the  infinite-horizon-no-shortage  fleet  only  if  the 
horizon  is  of  length  one  or  two  periods. 
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111  many  instances  there  arises  the  question  of  the  possibility  of  “holding 
empties”  at  a terminal  i t N<i,  for  one  or  several  periods,  in  anticipation  of 
future  demand.  As  a con.sequence  of  the  aljove  assertion,  we  have 

Corollary  1.2.  Let  yn  denote  the  number  of  empties  “held  over”  at  terminal 
i e No  from  period  I to  period  < + I.  If  Vt  < V*’’’  then  an  optimal  schedule  is 
s.t.  Pit  = 0^  i and  t. 

Consequently,  we  conclude  that  in  the  deterministic  constant  demand 
case,  since  there  is  no  incentive  to  have  a fleet  larger  than  there  shall 
never  be  any  empties  carried  over  from  one  period  to  another  at  the  same 
terminal. 

Next,  we  address  ourselves  to  the  problem  of  minimizing  the  number  of 
shortages  over  a finite  horizon  T,  given  a total  fleet  size  1'  < F*^. 

It  is  assumed  that  a total  fleet  of  size  F can  be  freely  distributed  over 
the  terminals  initially  (i.e.,  the  initial  distribution  of  vehicles  is  con- 
trollable). A total  fleet  of  size  F will  be  categorized  into  two  cases;  (1) 
0 < F < 2 ri,  (2)  2 23...v  r,  < F < F*.  A .schedule  is  called 
optimal  if  it  minimizes  the  total  number  of  delayed  loads  (=  lost  .sales) 
over  T.  When  T = 1 or  2,  the  optimal  schedule  is  easily  obtained,  and 
thus  the  length  of  the  planning  horizon  will  be  considered  to  be  3 periods 
or  more. 

Forcase(l),  0 < F < 2 r„  an  optimal  schedule  can  be  constructed 

as  follows:  set  F^  = r„  i t N,  for  as  many  terminals  as  possible  and  assign 
the  remainder  of  the  vehicles  (if  any)  to  the  hub.  Thus,  we  have  I’o  = 
F — 2Z„jv  F,  < 53  For  the  outlying  terminals,  put  j,o  = I\  in  the 
first  period  and  return  the  .same  number  of  vehicles  to  that  terminal  in 
the  second  period.  From  the  hub,  send  r,  vehicles  to  outlying  terminal  i 
for  as  many  outlying  terminals  as  po.ssibIe  (when  Fo  = 51  ’■*.  can  send 
r,  to  all  outlying  terminals  from  the  hub)  in  the  first  period  and  returti  the 
same  number  of  vehicles  from  the  outlying  terminals  to  the  hub.  Repeat 
this  procedure  until  the  end  of  the  planning  period  T.  In  this  way,  all 
vehicles  are  kept  loaded  all  the  time;  thus  the  schedule  is  obviously  optimal. 

P'or  case  (2),  2 53  '"t  < V < V*,  the  rationale  for  constructing  an  optimal 
schedule  is  somewhat  more  complicated,  albeit  the  final  decision  rules  are 
extremely  simple.  In  the  following  we  specify  the.se  deci.sion  rules  and  omit 
their  detailed  justification  in  the  hope  that  their  logic  is  .sufficiently  trans- 
parent to  excuse  the  omission. 

Aloorithm  1.2.  Partition  the  set  M of  Equation  (1.3)  into  two  subsets  as 
follows: 

Afi'^  t*  • d,o  > doi),  M}t  U ■ M,  + Mo  = M, 


(1.4) 
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which  leaves  M = N — M = |i  : d.o  < doil  as  before.  Let 

= |d<o  ~ dotil, 

the  absolute  difference  in  the  two-way  demands.  It  is  apparent  that  the 
pattern  of  shipments  as  well  as  the  start  and  termination  cities  (we  assume 
that  the  initial  allocation  of  the  fleet  is  controllable)  will  both  depend  on 
the  demands  as  well  as  on  whether  T is  even  or  odd.  There  are  three  cases  to 
consider. 

(a)  Ml  empty;  hence  N = Mi  M. 

Initially,  assign  r,-  vehicles  to  each  i t N and  assign  the  remaining 
vehicles  (=  V — '’•)  the  hub.  In  each  period,  starting  with  the 

first,  exchange  r,  loaded  vehicles  between  the  hub  and  terminal  i t N. 
For  a subset  of  the  outlying  terminals  increase  the  shipments  in  the 
first  period  to  no  more  than  qt,  and  return  the  same  vehicles  (as  empties) 
to  0 in  the  following  period. 

(b)  M is  empty ; hence  N = M = Mj  + Mi. 

Initially,  assign  ri  vehicles  to  each  outlying  terminal  i i N;  and  as- 
sign  vehicles  to  the  hub.  The  remaining  vehicles  (=  V — 2 ■ 

y'.i.N  Ti)  are  distributed  among  the  outlying  terminals  in  any  manner, 
with  each  terminal  receiving  a maximum  of  Qi  vehicles.  Let  the  initial 
allocation  yield  Vi  vehicle-i  at  terminal  i t N;  ri  < F,  < j,.  In  each 
period,  starting  with  the  first,  ship  Vi  loaded  trucks  from  i € N to  the 
hub  0,  and  return  the  same  Vi  to  the  same  terminal  in  the  following 
period  (some  of  which  may  be  empty). 

(c)  Ml  and  M are  nonempty. 

Initially,  assign  r;  vehicles  to  each  outlying  terminal  i t N and 
®®sign  2Z.,iv  r,  vehicles  to  the  hub.  Subsequently,  there  are  four 
subcases  to  consider: 

(i)  ^ ^ '.iuTf  Si  and  V ^ 2 ^ r,'  -j-  ^ '.um.  Si,  Add  5^  to 

terminal  uMi  (bringing  the  total  at  each  terminal  to  ?,)  and  add 
the  remaining  vehicles  (=  F — 2 r,  — S,)  to  the 

hub. 

The  qi  vehicles  at  each  terminal  i f Mi  travel  back  and  forth 
between  t and  0 (some  are  empty  on  the  return  trip).  The  vehicles 
at  the  hub  are  apportioned  among  the  terminals  as  follows: 
for  1 1 M,  assign  r,  vehicles  to  travel  back  and  forth;  for  1 1 M, 
assign  r,  to  all  terminals  and  apportion  the  remaining  vehicles 
among  these  terminals  in  any  manner  but  with  no  terminal 
allocated  more  than  qi  vehicles.  The  total  vehicles  assigned  to 
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each  terminal  travel  back  and  forth  between  these  terminals 
and  the  hub  (some  are  empty  on  the  return  trip). 

(ii)  ^ JluM  and  < 2 rt  + Add  S,  to 

as  many  terminals  uMi  as  po.s.sible  (bringing  their  total  vehicle.s 
to  Qi)  and  assign  any  remaining  vehicle.s  to  any  terminal  uA/i. 
Denote  the  number  of  vehicles  allocated  to  terminal  i by  1’,. 

For  each  uM,  ship  min  (Fi,  q,)  back  and  forth  to  the  hub  (some 
of  them  are  empty  on  the  return  trip).  For  each  itM , .ship  r,  back 
and  forth  to  the  hub.  At  the  hub,  .ship  and  return  to  all  outlying 
cities  itN. 

(hi)  ^iiv,  5i  < SmS  and  V > 2 rt  + 6;.  Add  ii 

vehicles  to  the  hub.  Apportion  the  remaining  vehicles  ( = V — 2 ■ 
^i,N  r,  — *•)  F)  outlying  cities  itMi  in  any  manner  but 

with  no  terminal  gaining  more  than  q,  vehicles. 

From  the  hub,  ship  qi  loaded  vehicles  to  terminals  itM  and  return 
the  same  number  of  vehicles  the  next  period  (some  as  empties), 
and  ship  r*  loaded  vehicles  to  terminals  itM.  From  terminal 
itMi,  ship  min  (Vi,  q,)  loaded  vehicle.s  to  the  hub  and  return  the 
same  number  of  vehicles  the  next  period  (some  as  empties). 
From  terminals  teMj  ship  loaded  vehicles  and  return  them 
(loaded)  the  next  period. 

(iv)  ii  < SmS  ii  and  V <2  X)...v  rt  + ii-  Add  the  differ- 
ence (2  23„.v  ri  -I-  Si  — F)  to  the  hub.  Apportion  this  differ- 

ence among  the  terminals  itM  in  any  manner,  but  with  no  terminal 
allotted  more  than  qi  vehicles.  I.«f  terminal  i be  allotted  F; 
vehicles,  itM. 

From  the  hub,  ship  Vi  loaded  vehicles  to  terminal  itM  and 
return  the  same  number  of  vehicles  the  next  period  to  the  hub 
(some  as  empties),  and  ship  r,  loaded  vehicles  to  terminals  itM. 
From  terminal  itN  ship  r(  loaded  vehicles  to  0 and  return  the 
same  number  of  vehicles  the  next  period. 

In  all  the  cases  enumerated  alx)ve,  the  procedure  is  followed  in  all 
periods  except  the  last  when  no  empties  are  shipped  except  to  satisfy  an 
imposed  restriction  on  the  terminal  location  of  the  vehicles. 

We  also  remark  that  the  subset  M i docs  not  play  any  role  in  the  opti- 
mization procedure  since  the  allocation,  as  well  as  the  traffic,  is  fixed  at 
r,  between  the  hub  and  terminal  i in  all  periods. 


Example  1.1.  Fleet  size  F = 36;  T = 4,  and  the  demands  are  as  follows; 
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I I 2 ;{  •}  .')  li  i Dials 

>L.  4 .-)  4 2 3 1 19 

</,n  2 3 16  .■)  4 21 

r,  2 3 12  3 1 12 

7,  4 5 4 6 5 4 2S 

i,  2 2 3 4 2 3 16 

Here  .4/i  = j4,  5,  6|,  M ■>  = 0,  and  Si  = Jl,  2,  31.  We  al.so  have: 
niax(^.i/,  5,,  6,)  = nui.\(9,  7)  = 9.  Note  that 

2 X’  '•.  = 24  < r = 36  < 56  = 2 t/,. 

The  allocation  proceeds  a.s  follows: 

(i)  For  the  first  24  vehicles  (=  2 set  F,  = r„  all  it  .V;  and 

I'o  = 12(  = X'  '■'h 

(ii)  A.ssign  the  next  9 vehicles  to  terminals  4,  .7  and  ti  which  compose  the 
set  Ml  so  that  F,  < 7,,  all  i e Mi. 

(iii)  Assign  the  remaining  three  vehicles  1 = 36  — 24  — 9,'  to  the  huh, 
node  0. 

The  shipment  of  vehicles  is  always  between  the  hub  and  the  termmal 
to  which  they  were  allocated  except  in  the  la.'t  perioil,  where  shipi  lent  i.'  to 
satisfy  demand.  The  pattern  of  shipment  is  shown  in  1 igitre  1 

The  f’ully  I tilized  Fleet  Problem 

There  remains  one  more  interesting  problem  deserving  investigation: 
what  is  the  maximum  number  of  vehii’h's  that  can  be  shijipe  1 loaded 
throughout  the  planning  horizon?  This  (jiiestion  refieet'  the  attitude  of  a 
“con.scrvative’  shipper,  and  implies  the  assumption  of  no  ch-ieterious  impact 
of  unsatisfied  demand  on  the  demand  itself.  The  atisv.er  is  simply  di'duced 
1 from  the  prcA'ious  results,  and  is  given  by 

CoitOLLAHV  1.3.  The  mnximnl  number  of  trucke  that  can  be  full laadtd  at  all 
) time  ts  2 r,,  as.'iuming  eonutant  demand  tndependent  of  .'iupply  of 

eehirle.t. 

2.  COST  MIMMI/.ATIO>  OK  I'KOFIT  MA.XIMI/ATION 

KIG  ALI,  the  main  distinction  between  the  cost  considerations  in  the 
' myopic  case  treated  in  Part  I and  the  cost  considerations  of  interest  in 

the  extended  horizon  ca.se.  Here,  the  cost  tif  shortage  of  the  k\h  shipment  at 
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li'iiuiiiiil  I.  (IciuiU-il  liy  IT, I,.  ii-liT'  1(1  llic  cii'i  III  i'i.<t  •iiilr-s.  llnwcvi  r,  ihc 
coiH'cpt  of  tlif  cost  of  shipping  cinptics  ri'iiiaiiis  I he  same  as  in  I’ai  t I, 
and  we  'liall  eonliniie  In  deiiole  it  liy  /•,'  in  cilia  r diicetion  het  ween  terniinal 
I anil  the  hull.  These  are  the  only  two  costs  to  tie  con'idei'ed. 

in  our  suhseqiient  treatment  we  stiall  ignore  the  adililion  to  or  siili- 
traetion  from  the  Meet  of  vehicles.  prc\'ious|y  denoted  hy  .1,.  This  |s  for 
tile  sake  of  simplii  ty  of  e.xposiiion,  tlioiigh  tiie  knowledge  of  additional 
vehicle  availabilities  or  withdrawals.  .1,,.  in  pciiod  I can  be  easily  in- 
corporated into  the  optima!  allocation  and  'chciiiilc 

Cost  minimization  can  be  easily  replaced  by  profit  ma.xiniizatioii  if 
we  replace  the  negative  view  of  "losing  sales  " bv  the  positive  view  of 
•'satisfying  demand.”  I.et  aa  denote  the  profit  accrued  from  satisfying  the 
ifth  demand  at  terminal  > < .Vn,  Since  traffic  is  bilateral  between  i i .V  and 
n,  a vehicle  is  either  loadeil  both  ways  or  is  empty  one  wav.  I.et  -v.i  denote 
the  ma.ximal  net  profit  in  one  cvcle  (which,  by  a.ssumjit ion,  occurs  over 
two  periods)  when  a vehicle  is  assigned  to  terminal  i f .V:  then 

I a,).  + a'*,  if  vehieh'  is  loaded  both  ways 

7 a = 

— A',  if  vehicle  is  returned  empty. 

Here,  the  subscript  k represents  the  most  profitable  shipment  available  at 
/.  and  I represents  the  most  profitable  shipment  available  at  0,  and  tie 
.'Uper.script  o designates  a load  available  at  the  hub  and  destined  to  ler- 
minal  i e X.  \ similar  expression  can  be  writteti  for  7,'i  at  the  hub.  ( '.early, 
7.1  > 7.2  > • • ■ • 

In  either  view,  the  ail.ication  of  A’ehicles  and  their  scheduling  an'  pi'r- 
fornu'd  in  .i  sequential  tashion,  one  vehicle  at  a time.  I hi-  inuiK'diately 
fixes  the  subscripts  k and  / in  the  aliove  definition  of  7,,. 

Finite  Horizon 

In  a manner  sjniilar  to  that  of  Section  "2  of  Part  1,  it  can  b.  shown  that 
the  costs  along  .all  arcs  of  the  modified  network  are  convex  with  respi'ct  to 
the  flows:  this  permits  us  to  formulate  thi'  problem  as  a mitnmum  cost  flow- 
problem  and  to  utilize  an  iterative  procedure. 

In  the  dcscriptioti  of  the  procedure  we  shall  opt  for  a profit  maximization 
objective,  in  order  to  demonstrate  the  utility  of  the  a and  7 values  in- 
troduced above. 

It  is  evident  that  the  total  income  from  a flei't  of  size  V < 2 - r,  atid 
r.  = mrnt'/.M.  do,)  is  find  since  (i)  all  vehicles  are  fully  ioadcrl  in  both  direc- 
tioiH,  and  (iii  the  loads  will  be  chosen  to  be  the  most  lucrative  in  the  direc- 
tion in  which  there  is  a shortage  of  vehich's.  Therefore,  thr  dixrumon  of 
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uptimizntiou  rornmeytrix  at  a vdliii-  1’  > 2 i)  r.  1,  In  which  cu'c  wt  inu>l 
distinguish  between  two  durations  of  the  horizon:  T'-even  and  7’-odd 
Since  the  optimal  schedule  for  T = 1 or  7 = 2 is  easily  constructed,  wc 
shall  a.ssume  T > 3. 

(1)  T {even)  = 2 nr,  m >2. 

Consider  the  first  vehicle  (in  reality,  it  is  the  (2  r,  + list  vehicle). 
Suppose  it  is  initially  available  at  the  hub.  There  are  two  possibilities:  (ii 
One  can  a.s.sign  it  to  a load  destined  to  .some  terminal  j from  the  list  of 
unsatisfied  demand  at  the  hub.  Evidently  this  will  be  the  (r,  list  load 
to  that  terminal,  and  it  must  be  true  that  j t M.  The  vehicle  nui't  then 
return  to  the  hub  empty  if  it  is  to  be  u.sed  for  the  remainder  of  the  horizon. 
Consequently,  the  maximal  net  profit  obtainable  froni  the  operation  of  this 
vehicle  over  the  horizon  will  be 

max;,s[m(a'"*  - E,)],  k = Vj  + 1. 

Alternatively,  one  may  send  the  vehicle  empty  to  terminal  j(M i in 
anticipation  of  its  return  loaded;  in  which  case  the  maximal  profit  attainable 
is  given  by 

maxj,. w,[m(ajt  - E,)]. 

Since  we  seek  profit  maximization,  we  search  for  the  terminal  maximizing 
either  of  these  two  expressions,  i.e.,  we  seek 

pi  = maxlmax^,s[wfa^.  - E,)]-.  maxj,.«,[m(a;i  - E,)\\.  (2.1) 

Next  suppo.se  that  the  vehicle  is  initially  available  at  outlying  terminal 
j t Ml-  Sui  i)  vehicle  will  also  have  two  possibilities:  (i)  it  car:  be  .sent 
loaded  to  the  hub,  and  returns  empty  for  .sub.se(]uent  period  This  cycle 
repeats  throughout  the  horizon  except  in  the  last  period,  when  the  vehicl^e 
can  be  utilized  to  satisfy  a demand  from  the  hub  to  some  terminal  p t M . 
The  maximal  realizable  profit  from  such  oporatior  is  given  by 

p2  = max„5((ap,,)  + (m  - 1)  — E,}  + ap.  (2.2) 

.■Alternatively,  the  vehicle  tnay  be  sent  empty  to  the  hub  in  antici- 
pation of  its  return  loaded  to  the  terminal.  1'his  cycle  repeats  throughout 
the  horizon  except  in  the  last  two  periods,  when  the  vehicle  cati  be  .sent  loaded 
to  the  hub  and,  from  the  hub,  it  is  sent  loaded  to  .sotne  outlyitig  tertnittal 
p f M.  It  is  not  difficult  to  see  that  the  maximal  realizable  profit  is  also 
given  by  P2  of  expression  i2.2i. 

VVe  therefore  conclude  that  the  optimal  allocation  of  the  fir-t  vehicle, 
and  its  .schedule  of  operlation,  is  determineil  by  the  tnax  (pi.p.o,  :is  given 
by  (2.1 1 and  i2.2/. 
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A similar  analysis  is  done  for  the  second  available  vehicle  (in  reality, 
the  (2  r.  + 2)nd  vehicle),  the  3rd  vehicle,  and  so  forth,  until  \ is 
exhausted. 

(2i  Tiodd)  = 2m  + t,  m > L 

Following  similar  reasoning  we  di.scovcr  that  if  tm  additional  vehicle  is 
allocated  to  the  hub  its  maximal  profit  is 

pi  = maxjmaxi.j.jvflmta?*  “ Ed  + «'M; 

maxj,M,l»»i(a,t  — K,)\  + max„5  ot%\.  (2.3) 

On  the  other  hand,  if  the  vehicle  is  allocated  to  an  outlying  terminal,  its 
maximal  profit  is 

P2  = maxi  max  „.v[Tn(aik  — E,)  + “i*l; 

maxy.jslmfajk  — Ej)]  + maxoS  a,kt.  (2.4) 

The  maximal  allocation  i.s  evidently  given  by  max  (pi',  Ps'),  which  also 
determines  the  schedule. 

Infinite  Horizon 

The  treatment  in  Section  2 paves  the  way  to  the  immediate  determi- 
nation of  the  optimal  .schedule  in  the  case  of  infinite  horizon.  In  particular, 
if  we  adopt  as  an  objective  the  maximization  of  average  profit,  then  the 
“corrections”  in  the  ultimate  (and  penultimate)  periods  of  the  horizon  in 
expre.s.sions  (2.3),  (2.3)  and  (2.4)  lose  their  significance.  The  optimum  is 
thus  seen  to  reduce  to  the  choice  of  the  terminal  j t N which  satisfies  the 
expression : 

maxlmaXj.istayk  ~ E,)'>  maX),.Wi(at,it  — Ej)i- 

The  optimality  of  such  a stationary  policy  is  a direct  con.sequence  of 
the  finitene.ss  of  the  state  space  (as  represented  by  the  various  possible 
allocations  of  the  fleet  of  size  V over  the  terminals  of  the  .system)  and  the 
decision  space  in  each  period ; see  Reference  (2). 

3.  THE  WHEEL  OPEKATION  SCHEDI'LING  PROBLEM  (WOSP) 

The  WOSP  is  the  first  generalization  of  the  HOSP  treated  in  Part  f and 
in  Sections  1 and  2 of  Part  II.  The  a.s.sumption  of  limited  bilateral  operation 
between  the  hub  and  outlying  terminals  previou.sly  assumed  in  HOSP  is 
partially  relaxed,  an  outlying  terminal  is  now  alloweii  to  dispatch  vehicles 
on  hand  to  two  other  “ailjacent”  outlying  terminals,  where  “adjacency"  to 
j is  defined  as  terminals;  - 1 and;  + 1 ; and  the  numbers  are  taken  around 
a circle  in  a "round  robin"  fashion.  Thus  terminal  1 is  adjacent  to  terminals 
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n and  2-,  terminal  2 is  adjacent  to  terminals  / and  3,  and  so  forth.  Let  Cy  de- 
note the  set  of  terminals  “communicating”  with  terminal  j t No',  then 

Co  = N,  since  the  hub  communicates  with  all  i c N, 

Gy  = 10;  j - 1,  j -t-  11,  j ^ \,n, 

Cl  = |0;n;«);  C,  = |0;  n - 1,  Ij. 

A slight  modification  in  notation  from  that  utilized  thus  far  is  needed.  The 
set  defined  in  definition  (1.1)  is  now  expanded  to  include  the  set  of 
terminals  adjacent  to  terminal  t.  We  denote  the  expanded  set  by  W,  i.e., 

^ = 1*>  j :i  t N;j  t OKJ  Cij 

The  Minimization  of  Lost  Sales 

Here  we  concern  ourselves  with  the  smallest  fleet  that  satisfles  all  demand. 
Consider  first  a finite  horizon  of  length  T.  Let  a node  (ik)  represent 
terminal  i t No  in  period  k,  k = 1,2,  ■ ■ ■,  T.  Introduce  the  fictitious  source 
4 and  terminal  /.  Let  x„  denote  the  number  of  loaded  vehicles  from  node 
a <-»  (ii)  to  node  i»  (j,  k + 1).  Then  the  determination  of  the  minimum 
number  of  vehicles  Vt  that  satisfy  the  demands  at  all  times  during  the 
horizon  of  length  T is  given  by  the  following  LP: 

min  Vt 

s.t.  (*«•*) .o' .*+!))  *((y.*-i) .(•*)))  ~ ^ ttNo',jtCi,  1:  = 0, 1,  - ■ T 1 

= Kr  = .1) 

.(y.jfc+i))  ^ diy;  V ioNo,  ^ ^ 1 

all  Z(„)  > 0 and  integer. 

This  is  a straightforward  flow  minimization  problem  subject  to  lower 
bounds  on  the  flow  on  each  arc.  It  is  well-known  (see,  e.g..  Reference  (4)) 
that  the  minimum  value  V*^  is  equal  to  the  maximum  sum  of  the  lower 
bounds  of  all  cut-sets  between  nodes  s and  /.  A labeling  procedure  yields  the 
desired  optimum  V*^  direetly.  It  initiates  from  node  / since  we  will  start 
with  a large  flow  through  the  network  and  find  a sequence  of  flow-decreasing 
paths.  The  labeling  procedure  is  as  follows: 

Step  0.  Generate  an  initial  feasible  flow,  large  enough  (see  below). 

Step  1.  Label  / with  (i,<»). 

Step  2.  Label  node  {iT),  i t No,  with  (/,  i((ir),/). 

Step  3.  (Backward  labeling)  For  each  unlabeled  node  1 1 e>,  h «-►  (i,  k - 1), 
I «-»  (jk),  where  xm  > d»i,  assign  the  label  (f+,  t(,h))  where  «(A)  = 
min  (tO").  *»i  — dhi\. 
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Sti’i)  ( Forwiini  lalu'linn)  For  each  iiiilaliclocl  node  j < t’,,  /<  • » (/,  1:  — 1 ), 
/ *->  ijk),  assign  the  lala-l  [h~,  t{/))  where  til)  = e(A;. 

Sup -'i.  It'  node  h «--*  (iD,  it.Vo,  is  lal)eled  with  (>Jn,  ttien  laliel  i with 
[h,  min  U(h), 

SU'p  U.  If  d is  not  labeled  (nonbreakthroiigh),  the  current  flow  is  optimal. 

If  i is  labeled  (breakthrough)  decrease  (he  flow  along  ‘'forward" 
arcs  in  the  “flow  path"  ‘ by  dd),  and  increase  the  flow  along  “re- 
verse" arcs  by  e(i).  Erase  all  labels  and  return  to  Step  2.  (Here  a 
“forw'ard”  arc  refers  to  an  are  who.se  direction  is  the  same  as  the 
path  from  d to  a “reverse”  are  has  its  arrow  in  the  opposite 
direction  to  the  path.) 

Anv  arbitrary  large  flow  can  serve  as  initial  feasible  flow  since  there  are 
no  upper  bounds  on  the  are  capacities,  only  lowi'r  bounds  (eijual  to  dv,). 
however,  I"'"  = 2 '’/■/  is  sufficient  .since  it  can  be  easily  seen  that 

the  desired  minimum,  F*^,  can  never  e.Nceed  this  number.  Indeed,  the 
desired  minimum  is  bound  as  follows:  2 ro  < I *^  < 2 i/o- 

Example  3.1 

Let  A'o  = 10,  1,  2|,  i.e.,  there  are  only  two  outlying  terminals,  and 
T = 3.  The  (h'mand  is  as  .shown  in  Table  I.  The  initial  feasible  solution 
is  shown  in  Figure  2(a),  in  which  we  introduced  flow  equal  to  2^2  Vo  = 

In  Figure  2(1))  the  labeling  indicates  that  there  are  three  independent  flow 
piiths,  with  reductions  equal  to  I each.  When  these  reductions  are  effected 
the  result  is  the  flow  shown  in  Figure  2(c).  Another  labeling  step  detects 


TABLE  I 


This  is  the  complete  path  between  i and  t with  all  its  nodes  labeled  with  at  least  i{i). 
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(•)  umu.  msiKf 
SOIVTIO*  , V«M 


Fig.  2.  Labeling  procedure  for  Example  3.1. 


the  flow  path,  i,  21,  12,  01,  22,  13,  t (note  the  forward  arc  (12, 01)  with 
«(s)  = 2).  The  total  flow  is  now  reduced  to  only  31  vehicles,  and  we  obtain 
the  arc  flows  shown  in  Figure  2(d).  The  labeling  step,  applied  to  Figure 
2(d),  results  in  nonbreakthrough;  hence  the  optimal  is  in  hand. 

The  minimal  cutset  is  also  .shown  on  Figure  2(d).  Note  that  the  optimal 
value  = 31  indeed  lies  between  the  specified  bounds  of  20  and  36.  To 
the  extent  that  it  is  strictly  less  than  2 difference  is  attributable 

to  the  balance  brought  into  the  system  due  to  the  capability  to  ship  along 
the  “rim”  of  the  “wheel.” 

Although  the  above  labeling  algorithm  is  quite  simple  and  straight- 
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forward,  we  present  some  results  on  the  nature  of  the  cut  which  reduce  the 
computation  of  V*’’’. 

Assertion  3.1.  If  n < 3,  then  V*'^  = max  '^xi 

V T > 2. 

Proof.  Denote  the  cutset  by  (Y,  Y),  where  Y is  the  set  of  labeled  nodes 
(from  /)  and  Y is  the  .set  of  nonlabeled  nodes.  Let  1{Y,  K)  denote  the  sum  of 
the  lower  bounds  on  flow  from  nodes  in  Y to  nodes  in  Y.  Then  the  cut  with 
the  maximal  l(Y,  Y)  is  the  one  sought.  For  the  case  where  « < 3,  every 
terminal  is  connected  to  all  others.  As  is  clear  from  the  labeling  procedure, 
there  are  only  five  kinds  of  cuts,  as  depicted  in  Figure  3.  Recall  that  all  arcs 
from  y to  y have  flows  at  their  lower  bounds,  which  are  equal  to  d,/  in  our 
model.  Thus,  if  for  any  itNn,  i do  < 23/!^.  d,i,  then  node  h*->(i,T  — 1 ) 
is  included  in  Y\  i.e.,  it  is  not  labeled.  Otherwise,  if  d„  > d,i, 

then  h(i,  T — 1)  is  included  in  Y ; i.e.,  it  is  labeled.  Summing  over  all  nodes 
of  the  modified  network  the  conclusion  is  obtained.  Q.E.D. 

The  logic  of  the  above  proof  extends  to  the  more  general  case  of  a network 
in  which  every  terminal  is  permitted  to  communicate  with  all  terminals. 
We  thus  have 

Corollary  3.1.  (A  Generalization)  If  all  terminals  communicate  with  each 
other,  then 

F*^  = max  <^x1>  F > 3. 

This  solves  the  case  of  a general  network  with  all  terminals  communicating 
with  each  other. 
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Fig.  3.  The  five  possiWc  ruts  with  three  outlyitig  terniiiiaLs. 
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The  alxivc  assertion  specifies  the  optiniuin  fleet  over  a finite  horizon. 
In  the  case  of  a very  long,  or  unhounded  horizon,  we  have: 

Assertio.n  3.2.  For  all  T > S,  F*^  = eonstant  = I'*’. 

Proof.  In  searching  the  cut  with  the  maximal  /(}',  y'),  the  network  for 
r = 3 provides  all  the  po.ssihle  cuts  for  the  case  of  T > 3 since  the  cut  can 
traverse  at  most  two  periods.  Thus  we  search  all  possible  cuts  when  we 
search  the  network  with  T = 3.  When  T > 3,  because  of  the  stationarity  of 
demands,  no  eut  with  larger  l(i',  >’)  can  be  obtained.  Q.E.D. 

Thus,  for  any  size  WOSP,  we  can  find  1'*^  for  any  T by  simply  computing 
for  T = 3.  (Note  that  F*‘  and  1'*-  are  immediate.) 

Finally,  there  remains  the  issue  of  minimizing  the  lost  .sales  given  a fixed 
fleet  F,  2 ^(O)  I'o  < F < F*,  over  the  finite  or  the  infinite  horizon.  It  is 
easily  seen  that,  for  the  finite  horizon,  the  problem  is  solved  through  a 
co.st-minimization  model  similar  to  that  proposed  in  Section  1.  Further- 
more, a cycle  will  be  discerned  for  T > 3 which  will  repeat  forever  in  the 
case  of  an  infinite  planning  horizon.  Such  a cycle  can  be  demonstrated  to  be 
at  most  of  period  (n  -f  1)  where  n is  the  number  of  outlying  terminals 
(see  A.s.sertion  1.2).  Con.sequently,  a co.st  minimization  problem  over  a 
finile  horizon  of  T > 2{n  -f  1)  will  guarantee  the  detection  of  the  optimal 
allocation  and  the  corre.sponding  optimal  schedule. 
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